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How big is a set?

Definition
Let X, Y be sets.
▶ |X| ⩽ |Y | if there is an injection X → Y .
▶ |X| ⩽∗ |Y | if there is a surjection Y → X, or X = ∅.
▶ |X| = |Y | if there is a bijection X → Y .

Theorem (Zermelo, Well-ordering principle)
(ZFC) For all X there is an ordinal α such that |X| = |α|.

So the size of X is |X| = min{α ∈ Ord | |X| = |α|}.
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(Some) consequences of the Well-ordering Principle

1. |X| ⩽ |Y | if and only if |X| ⩽∗ |Y |.
2. If X is infinite, then |ω| ⩽ |X| (and |ω| ⩽∗ |X|).
3. If X is infinite, then |X ∪ {X}| = |X|.

Non-example (Cohen’s first model)
In Cohen’s first model of ZF + ¬AC there is an infinite set A such that
|ω| ⩽̸ |A|. This violates Consequence (2)!a However, we do have |ω| ⩽∗ |A|,
violating Consequence (1).

aThis also violates Consequence (3) (exercise).

The definition |A| = min{α ∈ Ord | |A| = |α|} is invalid.
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Approximate size

Definition (Hartogs and Lindenbaum numbers)
Let X be a set. The Hartogs number of X, denoted ℵ(X), is

min{α ∈ Ord | |α| ⩽̸ |X|}.

The Lindenbaum number of X, denoted ℵ∗(X), is

min{α ∈ Ord | |α| ⩽̸∗ |X|}.

Fact/Theorem/Exercise (Hartogs/Lindenbaum [Har15; LT26])
For all X:
▶ ℵ(X) and ℵ∗(X) exist.
▶ ℵ(X) and ℵ∗(X) are cardinals (i.e. |α| < |ℵ(X)| for all α < ℵ(X)).
▶ ℵ(X) ⩽ ℵ∗(X).
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ℵ(X) = min{α ∈ Ord | |α| ⩽̸ |X|}, ℵ∗(X) = min{α ∈ Ord | |α| ⩽̸∗ |X|}

Example
If X can be well-ordered, say |X| = λ, then ℵ(X) = ℵ∗(X) = λ+.
In Cohen’s first model, ℵ(A) = ω, and ℵ∗(A) = ω1.

Definition
A set X is eccentric if ℵ(X) < ℵ∗(X).

So if V ⊨ ZFC then there are no eccentric sets: ℵ(X) = ℵ∗(X) = |X|+.
Question
What are the eccentric sets in Cohen’s first model?
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Question
What are the eccentric sets in Cohen’s first model?

Theory. Maybe all eccentric sets look like A: If X is eccentric then
ℵ(X) = ω and ℵ∗(X) = ω1.
Answer. No.

ℵ∗(A) = ω1, so there is a partition A =
⊔

n∈ω An such that An ̸= ∅ for all n.
Let

Bm =
⋃

n<m

An × ωn, B =
⋃

n∈ω

An × ωn.

Lemma
ℵ(B) = ωω and ℵ∗(B) = ωω+1.
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ℵ∗(A) = ω1, so there is a partition A =
⊔

n∈ω An such that An ̸= ∅ for all n.
Let

Bm =
⋃

n<m

An × ωn, B =
⋃

n∈ω

An × ωn.

Lemma
ℵ(B) = ωω and ℵ∗(B) = ωω+1.

Calliope Ryan-Smith (University of Leeds) The Hartogs–Lindenbaum Spectrum 5th February 2025 6 / 16
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n<m

An × ωn, B =
⋃

n∈ω

An × ωn.

Lemma
ℵ(B) = ωω and ℵ∗(B) = ωω+1.

Proof.
(ℵ(B) = ωω). For all n ∈ ω, ωn ↪→ An × ωn ↪→ B, so ℵ(B) ⩾ ωω.
Fact/exercise: For all m ∈ ω, ℵ(Bm) = ωm.
So if f : ωω ↪→ B, then f“ωω ⊈ Bm for all m. Then f lets us define an
injection ω → A, a contradiction.
(ℵ∗(B) = ωω+1). Projection is a surjection B → ωω, so ℵ∗(B) ⩾ ωω+1.
B ⊆ A × ωω, so ℵ∗(B) ⩽ ℵ∗(A × ωω) ⩽ ℵ∗(A)+ × ωω+1 = ωω+1.a

aFor all X, ℵ∗(A × λ) ⩽ max{ℵ∗(A)+, λ+}.
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Looking at the proof, if cf(λ) = ω

then the same construction works with
ωω replaced by λ.

Lemma (R.S. [RS24])
(Cohen’s first model) If cf(λ) = ω then there is X such that ℵ(X) = λ and
ℵ∗(X) = λ+.

This is all of the eccentric sets.

Fact
(Cohen’s first model). For all X , either:
▶ ℵ(X) = ℵ∗(X) = κ+ some κ, or
▶ ℵ(X) = λ < ℵ∗(X) = λ+, and cf(λ) = ω.
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Definition (Hartogs–Lindenbaum spectrum)

Let M ⊨ ZF. The Hartogs–Lindenbaum spectrum of M is

Specℵ(M) ..= {⟨ℵ(X), ℵ∗(X)⟩ | X ∈ M},

the class of pairs ⟨λ, κ⟩ such that there is X ∈ M with M ⊨ ℵ(X) = λ and
ℵ∗(X) = κ.

For all well-ordered cardinals λ, ℵ(λ) = ℵ∗(λ) = λ+, so for all M ⊨ ZF,
Suc ..= {⟨λ+, λ+⟩ | λ a cardinal} ⊆ Specℵ(M).

▶ If M ⊨ ZFC then Specℵ(M) = Suc.
▶ If M is Cohen’s first model, Specℵ(M) = Suc ∪{⟨λ, λ+⟩ | cf(λ) = ω}.
▶ [KRS24] There is M ⊨ ZF such that

Specℵ(M) = {⟨n + 1, n + 1⟩ | n ∈ ω} ∪ {⟨λ, κ⟩ | λ ⩽ κ are infinite}.
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Theorem (R.S. [RS24])

If µ is a regular cardinal and A is a set such that ℵ(A) ⩽ µ < ℵ∗(A) then for all
λ large enough with cf(λ) = µ there is a set B with ℵ(B) = λ and ℵ∗(B) = λ+.

The proof is the same as in Cohen’s first model: If A =
⊔

α∈µ Aα and
λ = sup{λα | α ∈ µ}, then let B =

⋃
α∈µ Aα × λα.

Corollary
Either there are no eccentric sets, or there is a proper class of eccentric sets.
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No eccentric sets?

What if there are no eccentric sets? Does this imply AC?

Theorem (Pincus [Pel78])

, R.S. [Pel78; RS24])

The following are equivalent:
1. For all X, ℵ(X) = ℵ∗(X); and
2. ACWO.

;
3. there is κ such that for all X, ℵ∗(X) ⩾ κ =⇒ ℵ(X) = ℵ∗(X);
4. there is κ such that for all X, ℵ(X) ⩾ κ =⇒ ℵ(X) = ℵ∗(X);
5. for all X, ℵ(X) is regular; and
6. for all X, ℵ(X) is a successor.
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Theorem (Pincus)
“For all X , ℵ(X) = ℵ∗(X)” is equivalent to ACWO.

Proof.
( ⇐= ) Let α < ℵ∗(X), witnessed by a surjection f : X → α. For β < α,
define Xβ = f−1({β}) ̸= ∅. By ACWO, there is a choice function for
{Xβ | β < α}. However, if x ∈ Xβ and y ∈ Xβ′ , with β ̸= β′, then
f(x) = β ̸= β′ = f(y), so x ̸= y. Therefore, a choice function c : α → X is an
injection, so α < ℵ(X).
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Theorem (Pincus)
“For all X , ℵ(X) = ℵ∗(X)” is equivalent to ACWO.

Proof (continued).
( =⇒ )

We shall prove ACℵδ
for all δ by induction. Assume AC<ℵδ

, and let
X = {Xα | α < ℵδ}. By induction, for all α < ℵδ, Yα =

∏
γ<α Xγ ̸= ∅. For

α < ℵδ, define inductively the set Dα and cardinal κα by

κα = ℵ(
⋃

β<αDβ) and Dα = Yα × κα.

Let D =
⋃

α<ℵδ
Dα and λ = sup{κα | α < ℵδ}. Then there is a surjection

D → λ by projecting to the second co-ordinate, so ℵ∗(D) ⩾ λ+. By
assumption, ℵ(D) = ℵ∗(D) > λ, so there is an injection f : λ → D.
For all α, λ ⩾ κα = ℵ(

⋃
β<α Dβ), so f“λ ⊈

⋃
β<α Dβ for any α < ℵδ.

Hence for each α < ℵδ there is ξ < λ such that f(ξ) = ⟨cξ, ζξ⟩ ∈ Dγ , where
γ > α. Define a choice function by F (α) = cξ(α) ∈ Xα, where ξ is least
such that γ > α. □
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Remarks

1. We could have replaced κ0 with any cardinal κ to get λ > κ.
2. cf(λ) ⩽ ℵδ.
3. λ is a limit cardinal.

Theorem (Pincus, R.S., [Pel78; RS24])
The following are equivalent:

1. For all X , ℵ(X) = ℵ∗(X); and

2. ACWO.;

3. there is κ such that for all X , ℵ∗(X) ⩾ κ =⇒ ℵ(X) = ℵ∗(X);

4. there is κ such that for all X , ℵ(X) ⩾ κ =⇒ ℵ(X) = ℵ∗(X);

5. for all X , ℵ(X) is regular; and

6. for all X , ℵ(X) is a successor.
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Open questions

1. How much of a gap can we have in the spectrum?

E.g., is ZF
consistent with

Specℵ(M) = Suc ∪{⟨ω1, ω2⟩} ∪ {⟨λ, λ+⟩ | cf(λ) = ω1, λ ⩾ κ}

for arbitrarily large κ?
2. Lindenbaum numbers are not quite multiplicative:

ℵ∗(A) × ℵ∗(B) ⩽ ℵ∗(A × B) ⩽ (ℵ∗(A) × ℵ∗(B))+.

When is either bound reached? When is either bound possible to
reach?
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