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How big is a set?

Theorem (Zermelo, Well-ordering principle)
(ZFC) For all X there is an ordinal α such that |X| = |α|.a

aThere is a bijection α → X. |A| ⩽ |B| if there is an injection A → B. |A| ⩽∗ |B| if there is
a surjection B → A (or A = ∅).

So |X| = min{α ∈ Ord | |X| = |α|}. In ZF, this is no longer an option.

Example
In Cohen’s first model of ZF + ¬AC there is an infinite set A such that there
is no injection ω → A, but there is a surjection A→ ω.
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Approximate size

Definition (Hartogs/Lindenbaum number)
The Hartogs number of X is ℵ(X) = min{α ∈ Ord | |α| ⩽̸ |X|}.
The Lindenbaum number of X is ℵ∗(X) = min{α ∈ Ord | |α| ⩽̸∗ |X|}.

Fact/exercise
(ZF) For all X, ℵ(X) and ℵ∗(X) exist, and ℵ(X) ⩽ ℵ∗(X).

So in ZFC, ℵ(X) = ℵ∗(X) = |X|+ for all X. In Cohen’s first model, ℵ(A) = ω

and ℵ∗(A) = ω1.

Example (Cohen’s first model)
There is X such that ℵ(X) = λ and ℵ∗(X) = κ if and only if:

1. λ = κ = η+ for some cardinal η; or
2. κ = λ+ and cf(λ) = ω.
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Hartogs–Lindenbaum spectrum

Definition
For a model M ⊨ ZF, the Hartogs–Lindenbaum spectrum of M is

Specℵ(M) = {⟨λ, κ⟩ | (∃X ∈M)ℵ(X) = λ and ℵ∗(X) = κ}.

Since ℵ(λ) = ℵ∗(λ) = λ+ for all λ, Suc = {⟨λ+, λ+⟩ | λ ∈ Card} ⊆ Specℵ(M).

Example
Letting M be Cohen’s first model,

Specℵ(M) = Suc∪{⟨λ, λ+⟩ | cf(λ) = ω}.
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Symmetric extensions
Cohen’s first model is a symmetric extension.

V

Model of ZFC

W = V [G]

Forcing extensionM

Symmetric extension

Theorem (Blass/Usuba, [Bla79; Usu21])
M is a symmetric extension of a model of ZFC if and only if it is a model of
small violations of choice: There is an injective seed A such that, for all X ,
there is η ∈ Ord and an injection X → A× η.

For technical simplicity, let us assume that M and W agree on the
cardinality and cofinalities of all ordinals.
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M ⊆W , W ⊨ ZFC, M ⊨ (∀X)(∃η ∈ Ord)(|X| ⩽ |A× η|).

Theorem (R.S. [RS24])
(In M ) For all X , if ℵ(X) ⩽ µ < ℵ∗(X), then cf(µ) ⩽ |A|W .

Proof.
Let f : X ↪→ A× η. For all b ∈ A, let Xb = f−1({b} × η).
Let µ < ℵ∗(X), so there is g : X ↠ µ. Then µ =

⋃
b∈A g“Xb.

In W , if cf(µ) > |A|, then there is b ∈ A such that |g“Xb| = µ.
Xb is well-orderable in M , so |µ| ⩽∗ |Xb| =⇒ |µ| ⩽ |Xb|.
Thus µ < ℵ(X).

Corollary
If ℵ(X) ⩾ |A|W then ℵ∗(X) = ℵ(X) or ℵ(X)+.

Proof.
cf(ℵ(X)+) = ℵ(X)+ > |A|W , so ¬ (ℵ(X) ⩽ ℵ(X)+ < ℵ∗(X)).
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Proof.
Let f : X ↪→ A× η. For all b ∈ A, let Xb = f−1({b} × η).
Let µ < ℵ∗(X), so there is g : X ↠ µ. Then µ =

⋃
b∈A g“Xb.

In W , if cf(µ) > |A|, then there is b ∈ A such that |g“Xb| = µ.
Xb is well-orderable in M , so |µ| ⩽∗ |Xb| =⇒ |µ| ⩽ |Xb|.
Thus µ < ℵ(X).

Corollary
If ℵ(X) ⩾ |A|W then ℵ∗(X) = ℵ(X) or ℵ(X)+.

Proof.
cf(ℵ(X)+) = ℵ(X)+ > |A|W , so ¬ (ℵ(X) ⩽ ℵ(X)+ < ℵ∗(X)).
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Theorem (R.S., (SVC))

Specℵ(M) ⊆
⋃



Suc = {⟨λ+, λ+⟩ | λ a cardinal}

{⟨λ, κ⟩ | λ ⩽ κ ⩽ |A|W }

{⟨λ, λ+⟩ | cf(λ) ⩽ |A|W } ← “oblate cardinals”

The oblate cardinals eventually stabilise: If ℵ(X) = λ < ℵ∗(X) then we can
‘lift’ X to produce Y such that ℵ(Y ) = κ, ℵ∗(Y ) = κ+, and cf(κ) = cf(λ).

In fact, for all large enough κ such that cf(κ) = cf(λ) such a Y can be
constructed.

Theorem (R.S., lower bound)
There is a set of cardinals C ⊆ {κ | ω ⩽ κ ⩽ |A|W } and a cardinal χ such that,
for all λ ⩾ χ, ⟨λ, λ+⟩ ∈ Specℵ(M) if and only if cf(λ) ∈ C.
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Open questions

• Can we construct M such that

Specℵ(M) = Suc∪{⟨λ, λ+⟩ | cf(λ) = ω} ∪ {⟨ω, ω⟩}?

Cohen’s first model is almost an example, but there is no X such that
ℵ∗(X) = ω.

• Can we have a ‘break’ in the oblate cardinals? That is, for some χ,

Specℵ(M) = Suc∪{⟨λ, λ+⟩ | λ ⩾ χ, cf(λ) = ω} ∪ {⟨ω, ω⟩}?

• If ℵ(X) = ω and ℵ∗(X) = κ+, where κ is weakly inaccessible, is there Y

such that ℵ(Y ) = κ?
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