
Proposition
1.2

(H
am

kins).
If

A
dd(ω

,1)
forces

that
Q̇

is
σ-

closed
then

for
all

V
-generic

G
⊆

A
dd(ω

,1)∗
Q̇

and
norm

al
m

easuresU
∈

V
[G

]on
κ,U

∩
V

∈
V

is
a

norm
alm

easure
on

κ.

2
H

am
m

ers
W

e
have

two
tools

for
constructing

M
θIFs.

T
he

first
is

alm
ost

[8,Lem
m

a
2.1],but

we
have

softened
the

requirem
ents.

Lem
m

a
2.1.Let

θ
>

ω
be

regular,|X
|≥

θ,and
I

a
θ-com

plete
idealover

X
s.t.A

dd(θ,2
X)densely

em
bedsinto

P
(X

)/I.
Then

there
is

an
M

θIF
A

⊆
P

(X
).

T
he

second
is

an
old

technique
present

in
[8](am

ong
other

places)
for

obtaining
these

ideals.
T

he
version

we
present

is
a

sim
plified

form
ofthe

D
uality

T
heorem

([2]).

Theorem
2.2.

LetU
be

a
σ-com

plete
ultrafilter

on
X

with
ul-

trapower
em

bedding
j:

V
→

M
.

Let
P

a
forcing

s.t.
π:

j(P) ∼=
P

∗
Q̇

∗
Ṙ

satisfying
π(j(p))

=
⟨p,1

,1⟩.
If,

for
all

V
-generic

G
∗

H
⊆

P∗Q̇
,there

is
M

[G
∗

H
]-generic

F
⊆

Ṙ
G

∗
H

in
V

[G
∗

H
],

then
there

is
an

idealI
on

X
in

V
[G

]s.t.
P

(X
)/I

∼=
B

(Q̇
G).

3
N

ails
T

he
follow

ing
is

an
extension

of[8,T
heorem

2],but
the

tech-
nique

is
essentially

the
sam

e.

Theorem
3.1

([8,T
heorem

2]).Let
κ

be
a

m
easurable

cardinal,
θ

∈
(ω

,κ)
be

regular,and
G

be
V

-generic
for

A
dd(θ,κ).

Then
there

is
an

M
θIF

A
⊆

P
(2

θ)
in

V
[G

].

K
unen

also
recovers

a
m

easurable
cardinalfrom

an
M

θIF.

Theorem
3.2

([8,
T

heorem
1]).

Let
θ

>
ω

regular,
and

A
⊆

P
(λ)

an
M

θIF.Then
2

<
θ=

θ
and,for

som
e

κ
s.t.sup{(2

α) +
|

α
<

θ}
≤

κ
≤

m
in{

λ
,2

θ},
there

is
a

non-trivial
θ

+-saturated
κ-com

plete
idealover

κ.

1
Introduction

[8]exhibits
the

equiconsistency
ofa

m
easurable

cardinaland
a

m
axim

al
σ-independent

fam
ily.

For
infinite

θ
and

infinite
X

,
A

⊆
P

(X
)

is
θ-independent

if
|A

|
≥

θ
and

for
all

partial
p:A

→
2

w
ith

|p|
<

θ,
A

p
..=

⋂
{
A

|
p(A

)=
1}∩

⋂
{
X

\
A

|
p(A

)=
0}

≠
∅
.

σ-independentm
eansℵ

1 -independent.A
m

axim
alθ-independent

fam
ily

(M
θIF

)
is

a
θ-independent

fam
ily

m
axim

al
am

ong
θ-

independentfam
iliesby

inclusion.By
Zorn’sLem

m
a,ZFC

proves
the

existence
ofM

ωIFs,butM
σIFsentailan

innerm
odelw

ith
a

m
easurablecardinal,a

fascinating
increasein

consistency
strength.

In
[8]K

unen
com

m
ents

that
a

single
strongly

com
pact

car-
dinal

κ
would

beget,in
a

forcing
extension,M

σIFsA
⊆

P
(λ)

for
all

λ
s.t.

cf(λ)
≥

κ.
W

e
shall

prove
this

and
reduce

the
requirem

ent
to

κ
being

ℵ
1 -strongly

com
pact,generalising

to
θ-

independence.W
e

also
extend

the
technique

to
a

properclassof
m

easurables,iterating
the

process.
In

this
m

odel,the
M

itchell
rank

ofcardinals
is

very
nearly

preserved.

Prelim
inaries

G
iven

a
filter

F
on

X
,F

∗
..=

{
X

\
A

|
A

∈
F

}.
For

V
⊆

W
m

odels
ofZFC

and
an

idealI
∈

V
on

X
,⟨I⟩

W
..=

{A
∈

P
(X

)
W

|(∃
Y

∈
I)

A
⊆

Y
}.

A
n

inner
m

odel
M

is
λ-closed

if
M

<
λ⊆

M
,or

λ-closed
in

V
to

em
phasise

M
<

λ∩
V

⊆
M

⊆
V

.
O

urconvention
fortheM

itchellorder([9])isthat
o(κ)

>
0

ifand
only

if
κ

is
m

easurable.
Follow

ing
[1],for

θ
≤

κ,
κ

is
θ-strongly

com
pact

ifevery
κ-com

plete
filteron

any
X

can
be

extended
to

a
θ-com

plete
ultrafilter

on
X

.

Theorem
1.1

([1]).TFA
E:

(i)
κ

is
θ-strongly

com
pact.

(ii)
(∀

α
≥

κ)(∃
j:

V
→

M
)s.t.crit(j)≥

θ
and

(∃
D

∈
M

)(j“α
⊆

D
∧

M
⊨

|D
|
<

j(κ)).
(iii)

(∀
α

≥
κ)∃

fine
θ-com

plete
u.f.on

P
κ (α).

See
[6]for

inform
ation

on
forcing.

T
he

follow
ing

is
a

com
-

bination
and

weakening
ofLem

m
a

13
and

T
heorem

10
in

[5].

T
he

au
th

or
wo

ul
d

lik
e

to
th

an
k

G
.G

ol
db

er
g

fo
r

hi
s

he
lp

w
ith

pr
ov

in
g

2λ
≤

|P
(D

)M
|i

n
T

he
or

em
A

,
A

.
Br

oo
ke

-T
ay

lo
r

an
d

A
.

K
ar

ag
ila

fo
r

th
ei

r
co

m
m

en
ts

on
ea

rly
ve

rs
io

ns
of

th
is

pa
pe

r,
an

d
Po

ly
ch

or
a.

or
g

fo
rt

he
LA T

EX
zi

ne
te

m
pl

at
et

ha
tw

as
us

ed
to

cr
ea

te
th

is
(h

tt
ps

:/
/g

it
hu

b.
co

m/
po

ly
ch

or
a-

or
g/

8u
p-

zi
ne

).
T

he
au

th
or

’s
wo

rk
wa

s
fin

an
ci

al
ly

su
pp

or
te

d
by

EP
SR

C
vi

a
th

e
M

at
he

m
at

ic
al

Sc
ie

nc
es

D
oc

to
ra

lT
ra

in
in

g
Pa

rt
ne

rs
hi

p
[E

P/
W

52
38

60
/1

].
Fo

rt
he

pu
rp

os
e

of
op

en
ac

ce
ss

,t
he

au
th

or
ha

sa
pp

lie
d

a
C

re
at

iv
eC

om
m

on
sA

tt
rib

ut
io

n
(C

C
BY

)l
ic

en
ce

to
an

y
A

ut
ho

rA
cc

ep
te

d
M

an
us

cr
ip

tv
er

sio
n

ar
isi

ng
fro

m
th

is
su

bm
iss

io
n.

N
o

da
ta

ar
e

as
so

ci
at

ed
w

ith
th

is
ar

tic
le

.

Bi
bl

io
gr

ap
hy

[1
]

Jo
an

Ba
ga

ria
an

d
M

en
ac

he
m

M
ag

id
or

,
G

ro
up

ra
di

ca
ls

an
d

st
ro

ng
ly

co
m

pa
ct

ca
rd

in
al

s,
Tr

an
s.

A
m

er
.M

at
h.

So
c.

36
6

(2
01

4)
,

no
.4

,1
85

7–
18

77
.

[2
]

M
at

th
ew

Fo
re

m
an

,C
al

cu
la

tin
g

qu
ot

ie
nt

al
ge

br
as

of
ge

ne
ri

c
em

-
be

dd
in

gs
,I

sr
ae

lJ
.M

at
h.

19
3

(2
01

3)
,n

o.
1,

30
9–

34
1.

[3
]

Sy
D

.F
rie

dm
an

,F
in

e
st

ru
ct

ur
e

an
d

cl
as

s
fo

rc
in

g,
D

e
G

ru
yt

er
Se

rie
s

in
Lo

gi
c

an
d

its
A

pp
lic

at
io

ns
,v

ol
.3

,W
al

te
r

de
G

ru
yt

er
&

C
o.

,B
er

lin
,2

00
0.

[4
]

G
ab

e
G

ol
db

er
g,

H
ow

ca
n

we
co

nt
ro

lt
he

ca
rd

in
al

ity
of

j(
κ

)
fo

r
κ

an
ℵ 1

-s
tro

ng
ly

co
m

pa
ct

ca
rd

in
al

?,
M

at
hO

ve
rfl

ow
,

ht
tp

s:
//

ma
th

ov
er

fl
ow

.n
et

/q
/4

57
47

3,
20

23
.

[5
]

Jo
el

D
av

id
H

am
ki

ns
,

Ex
te

ns
io

ns
wi

th
th

e
ap

pr
ox

im
at

io
n

an
d

co
ve

r
pr

op
er

tie
s

ha
ve

no
ne

w
la

rg
e

ca
rd

in
al

s,
Fu

nd
.M

at
h.

18
0

(2
00

3)
,n

o.
3,

25
7–

27
7.

[6
]

T
ho

m
as

Je
ch

,S
et

T
he

or
y,

m
ill

en
ni

um
ed

.,
Sp

rin
ge

rM
on

og
ra

ph
s

in
M

at
he

m
at

ic
s,

Sp
rin

ge
r-

Ve
rla

g,
Be

rli
n,

20
03

.
[7

]
T

ho
m

as
Je

ch
an

d
K

ar
el

Pr
ik

ry
,

Id
ea

ls
ov

er
un

co
un

ta
bl

e
se

ts
:

ap
pl

ic
at

io
n

of
al

m
os

td
is

jo
in

tf
un

ct
io

ns
an

d
ge

ne
ri

c
ul

tra
po

we
rs

,
M

em
.A

m
er

.M
at

h.
So

c.
18

(1
97

9)
,n

o.
21

4,
iii

+
71

.
[8

]
K

en
ne

th
K

un
en

,M
ax

im
al

σ
-in

de
pe

nd
en

tf
am

ili
es

,F
un

d.
M

at
h.

11
7

(1
98

3)
,n

o.
1,

75
–8

0.
[9

]
W

ill
ia

m
J.

M
itc

he
ll,

Se
ts

co
ns

tr
uc

tib
le

fro
m

se
qu

en
ce

s
of

ul
tra

-
fil

te
rs

,J
.S

ym
bo

lic
Lo

gi
c

39
(1

97
4)

,5
7–

66
.

[1
0]

C
al

lio
pe

Ry
an

-S
m

ith
,P

ro
pe

r
cl

as
se

s
of

m
ax

im
al

θ-
in

de
pe

nd
en

t
fa

m
ili

es
fro

m
la

rg
e

ca
rd

in
al

s,
ar

X
iv

24
08

.1
01

37
(2

02
4)

.

Pr
op

er
cla

ss
es

of
m

ax
im

al
θ-

in
de

pe
nd

en
tf

am
ili

es
C

al
lio

pe
Ry

an
-S

m
ith

21
st

A
ug

us
t

20
24

T
hi

s
zi

ne
is

a
he

av
ily

ab
rid

ge
d

ve
rs

io
n

of
[1

0]
.

In
pa

rt
ic

ul
ar

,t
he

on
lin

e
ve

rs
io

n
co

nt
ai

ns
m

or
e

pr
el

im
in

ar
ie

s,
ex

po
sit

io
n,

ex
pl

or
at

io
n

of
th

e
lit

er
at

ur
e,

de
ta

ils
,

de
pt

h,
an

d
im

pr
ov

ed
ty

pe
se

tt
in

g.
M

an
y

sh
or

th
an

ds
ha

ve
be

en
ta

ke
n

th
at

ar
en

ot
us

ua
lm

at
he

m
at

ic
al

pr
ac

tic
e

in
or

de
r

to
sa

ve
sp

ac
e.

A
bs

tr
ac

t

W
hi

le
m

ax
im

al
in

de
pe

nd
en

tf
am

ili
es

ca
n

be
co

ns
tr

uc
-

te
d

in
ZF

C
vi

a
Zo

rn
’s

le
m

m
a,

th
e

pr
es

en
ce

of
a

m
ax

im
al

σ
-in

de
pe

nd
en

tf
am

ily
al

re
ad

y
gi

ve
sa

n
in

ne
rm

od
el

w
ith

a
m

ea
su

ra
bl

e
ca

rd
in

al
,a

nd
K

un
en

ha
s

sh
ow

n
th

at
fro

m
a

m
ea

su
ra

bl
e

ca
rd

in
al

on
e

ca
n

co
ns

tr
uc

ta
fo

rc
in

g
ex

te
n-

sio
n

in
w

hi
ch

th
er

e
is

a
m

ax
im

al
σ

-in
de

pe
nd

en
t

fa
m

ily
.

W
e

ex
te

nd
th

is
te

ch
ni

qu
e

to
co

ns
tr

uc
t

pr
op

er
cl

as
se

s
of

m
ax

im
al

θ-
in

de
pe

nd
en

tf
am

ili
es

fo
rv

ar
io

us
un

co
un

ta
bl

e
θ.

In
th

e
fir

st
in

st
an

ce
,

a
sin

gl
e

θ+
-s

tr
on

gl
y

co
m

pa
ct

ca
rd

in
al

ha
s

a
se

t-
ge

ne
ric

ex
te

ns
io

n
w

ith
a

pr
op

er
cl

as
s

of
m

ax
im

al
θ-

in
de

pe
nd

en
t

fa
m

ili
es

.
In

th
e

se
co

nd
,

we
ta

ke
a

cl
as

s-
ge

ne
ric

ex
te

ns
io

n
of

a
m

od
el

w
ith

a
pr

op
er

cl
as

s
of

m
ea

su
ra

bl
e

ca
rd

in
al

s
to

ob
ta

in
a

pr
op

er
cl

as
s

of
θ

fo
r

w
hi

ch
th

er
e

is
a

m
ax

im
al

θ-
in

de
pe

nd
en

t
fa

m
ily

.

Em
ai

l:
c.

Ry
an

-S
mi

th
@l

ee
ds

.a
c.

uk
W

eb
sit

e:
ac

ad
em

ic
.c

al
li

op
e.

mx
Sc

ho
ol

of
M

at
he

m
at

ic
s,

U
ni

ve
rs

ity
of

Le
ed

s,
LS

2
9J

T

Proof.
Let

cf(λ)
≥

κ.
W

e
use

Lem
m

a
2.1

to
find

an
M

θIF
A

⊆
P

(X
),w

here
X

=
P

κ (λ)
V

(so|X
|=

λ).FirstweuseT
he-

orem
2.2

to
geta

θ-com
pleteidealI

over
X

s.t.
B

(A
dd(θ,2

X)) ∼=
P

(X
)/I

in
V

[G
]:LetU

∈
V

be
a

fine
θ-com

plete
ultrafilteron

X
and

j
=

jU :
V

→
M

.
Since

κ
≥

crit(j)
>

θ,

j(A
dd(θ,κ))=

A
dd(θ,j(κ))

∼=
A

dd(θ,j“κ)×
A

dd(θ,j(κ)\
j“κ)

∼=
A

dd(θ,κ)×
A

dd(θ,j(κ)\
κ)×

{
1}.

Each
p

∈
A

dd(θ,κ)
is

s.t.|p|
<

θ,so
j(p)

=
j“p,i.e.the

iso-
m

orphism
extends

j(p)
7→

⟨p,1
,1⟩.

Setting
I

=
⟨U

∗⟩
V

[G
],we

have
B

(A
dd(θ,j(κ)\

κ)
V) ∼=

P
(X

)/I
in

V
[G

]by
T

heorem
2.2.

To
finish

we
m

ustshow
thatA

dd(θ,j(κ)\
κ)

V
∼=

A
dd(θ,2

X)
V

[G
].

A
dd(θ,κ)is

θ-closed
so

wehave,forall
Y

∈
V

,A
dd(θ,Y

)
V

=
A

dd(θ,Y
)

V
[G

],so
itissuffi

cientto
show

that|j(κ)\
κ|=

|(2
λ)

V
[G

]|.
By

standard
chain

condition
techniques 1

and
som

e
cardinal

arithm
etic,

we
have

|(2
λ)

V
[G

]|≤
|(2

λ)
V|.

(2
λ)

V
⊆

(2
λ)

V
[G

],
so

|(2
λ)

V|=
|(2

λ)
V

[G
]|.N

ow
weneed

only
show

that|2
λ|=

|j(κ)\
κ|

in
V

.
W

e
work

in
V

for
the

rest
ofthe

proof.
2

λ
>

κ
so

it
is

enough
to

show
that

2
λ≤

j(κ)
<

(2
λ) +.

Let
D

=
[id]U

in
M

.
By

the
fineness

ofU
,

j“λ
⊆

D
and

M
⊨

|D
|
<

j(κ).
By

elem
entarity,

M
⊨

(∀
γ

<
j(κ))2

γ
≤

j(κ)
and

hence
M

⊨
|P

(D
)

M
|≤

j(κ).
H

ence,by
[4],2

λ≤
|P

(D
)

M
|. 2

O
n

the
other

hand,
j(κ)

=
{[f]U

|
f:

X
→

κ},so
j(κ)

<
(κ

λ) +
=

(2
λ) +.

T
hus

2
λ≤

j(κ)
<

(2
λ) +

as
required.

A
class

ofm
easurable

cardinals
A

ssum
e

GCH
and

let
κ

<
λ

be
m

easurable.
If

G
⊆

P
is

V
-generic

and
|P|

<
λ,

then
λ

is
m

easurable
in

V
[G

].
V

ia
Proposition

3.4,
forcing

w
ith

P
0

=∗
α∈

A
A

dd(α
,α

+),
w

here
A

=
{
α

<
κ

|
α

regular},gives
an

M
κIF

A
⊆

P
(κ).

|P
0 |=

κ,
so

λ
is

still
m

easurable
in

the
extension.

R
epeating

w
ith

1O
ne

could
adapt

the
proof

of
[6,

Lem
m

a
15.1]

to
incorporate

chain
conditions,for

exam
ple.

2T
he

m
ethod

is
sim

ilar
to

[7,Lem
m

a
3.3.2],but

could
be

older.

C
orollary

3.3
(K

unen).
If

there
is

an
M

θIF
for

regular
θ

>
ω

then
there

is
an

inner
m

odelcontaining
a

m
easurable

cardinal.

K
unen

sketches
how

to
obtain

an
M

κIF
on

inaccessible
κ,

starting
w

ith
m

easurable
κ.

W
e

also
include

additionalcontent
about

lifting
norm

alm
easures,w

hich
we

use
for

T
heorem

B.

Proposition
3.4.

Let
U

be
a

norm
alm

easure
on

κ,
2

κ
=
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∈
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∈
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Ṙ
=

j(P)/(P∗A
dd(κ

,κ
+)).T

hen
j(P) ∼=

P∗A
dd(κ

,κ
+)∗Ṙ
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≥
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=
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∩
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