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1 Introduction

[8] exhibits the equiconsistency of a measurable cardinal and a
maximal o-independent family. For infinite # and infinite X,
A C P(X) is O-independent if |A| > 6 and for all partial
p: A— 2 with [p| <6,

A= (YA p(A) = 1} (X \ A p(A) =0} #0.
o-independent means R;-independent. A maximal f-independent
family (MOIF) is a 6-independent family maximal among 6-

independent families by inclusion. By Zorn’s Lemma, ZFC proves
the existence of MwIFs, but MoIFs entail an inner model with a

measurable cardinal, a fascinating increase in consistency strength.

In [3] Kunen comments that a single strongly compact car-
dinal x would beget, in a forcing extension, MolIFs A C 22())
for all A s.t. cf(A\) > . We shall prove this and reduce the
requirement to s being R;-strongly compact, generalising to 6-
independence. We also extend the technique to a proper class of
measurables, iterating the process. In this model, the Mitchell
rank of cardinals is very nearly preserved.

Preliminaries

Given a filter F on X, F* = {X\A| A€ F}. For V C
W models of ZFC and an ideal Z € V on X, (I)"V = {A €
2(X)V | (Y € I)A C Y}. An inner model M is A-closed if
M=<* C M, or A-closed in V to emphs MANVCMCV.
Our convention for the Mitchell order ([9]) is that o(x) > 0 if and
only if x is measurable. Following [1], for 6 < k, & is 0-strongly
compact if every k-complete filter on any X can be extended to
a f-complete ultrafilter on X.

Theorem 1.1 ([1]). TFAE: (i) & is 0-strongly compact.

(i) (Va > k)(Fj: V = M) s.t. crit(j) > 0 and (3D € M)(j*« C

DAME |D| < j(k)).

(ili) (Yo > k)3 fine O-complete u.f. on Py(a).
See [6] for information on forcing. The following is a com-

bination and weakening of Lemma 13 and Theorem 10 in
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Proposition 1.2 (Hamkins). If Add(w,1) forces that Q is o-
closed then for all V-generic G C Add(w,1) * Q and normal
measures U € V[G] on k, UNV €V is a normal meas

on K.

2 Hammers

‘We have two tools for constructing MAIFs. The first is almost
[8, Lemma 2.1], but we have softened the requirements.

Lemma 2.1. Let 0 > w be reqular, | X| > 6, and T a 9-complete
ideal over X s.t. Add(6,2%) densely embeds into 2(X)/ZI. Then
there is an MOIF A C 2(X).

The second is an old technique present in [8] (among other
places) for obtaining these ideals. The version we present is a
simplified form of the Duality Theorem ([2]).

Theorem 2.2. Let U be a o-complete ultrafilter on X with ul-
trapower embedding j: V — M. Let P a forcing s.t. m: j(P) =
P+ Q* R satisfying w(j(p)) = (p,1,1). If, for all V-generic
GxH C P+Q, there is M[Gx H]-generic F C RH in V[Gx H,
then there is an ideal T on X in V]G] s.t. 2(X)/T = B(QF).

3 Nails

The following is an extension of
nique is essentially the same.

Theorem 2], but the tech-

Theorem 3.1 ([8, Theorem 2|). Let k be a measurable cardinal,
0 € (w, k) be regular, and G be V-generic for Add(0, k). Then
there is an MOIF A C 2(2°) in V[G].

Kunen also recovers a measurable cardinal from an MAIF.

Theorem 3.2 ([3, Theorem 1]). Let 0 > w regular, and A C
P(N) an MOIF. Then 2<° = 0 and, for some k s.t. sup{(2%)* |
a < 0} <k < min{\, 2%}, there is a non-trivial 0*-saturated
K-complete ideal over k.
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Corollary 3.3 (Kunen). If there is an MOIF for reqular 6 > w
then there is an inner model containing a measurable cardinal.

Kunen sketches how to obtain an MxIF on inaccessible &,
starting with measurable . We also include additional content
about lifting normal measures, which we use for Theorem B.

Proposition 3.4. Let U be a normal measure on k, 2% = KT,
A € U a set of reqular cardinals, and G be V-generic for the
Easton-support iteration P = * ¢4 Add(a,a*). In V[G] there
is an MIF A C P (k). If V € V is a normal measure on & s.t.
A&V then there is normal V 2V on & in V[G].

Sketch proof. Let j = ju: V — M, and H C Add(k,xT) be
V|[G]-generic. Both M and M[G * H] are t-closed. Let R =
J(P)/(P+Add(k, k*)). Then j(P) = P+Add(k, x*)*R as required
in Theorem 2.2. Let

R=R™" = >k Add(a, (a")")M.
agj(A)\wt

[P|V = &, so |j(P)|™ = j(k). Hence |R|VI¢) = x*. Each iterand
of R is a-closed according to M for some o > k™, so each iterand
of R is k™-closed (in V|G * H]) and, since it is an iteration of
length j(k) > wT, R itself is k*-closed. P has only s-many
maximal antichains, so M[G x H| F “R has only j(x) maximal
antichains”. j(k) < k™, so we can build an M[G * H]-generic
filter ¥ C R in V[G * H]. By Theorem 2.2, in V[G] there is T
on k s.t. P(k)/T = B(Add(k, k*))VIEl. This Z is s-complete,
so Lemma 2.1 gives an MxIF on & in V[G].

On the other hand, let V € V be normal on x with A ¢ V
and embedding i: V — N. i(P) 2 P+ R, so F € V[G] and we
may lift i to i: V[G] = M[G * F] in V[G] to get V D V. ]

A 0" -strongly compact cardinal

Theorem A. Let k be 0 -strongly compact for reqular 6 € (w, k)
with 2<% =k, and let G be V-generic for Add(0,x). In V[G].
Jor all X with cf(\) > k, there is an MOIF A C 2()).
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Proof. Let cf(X) > k. We use Lemma 2.1 to find an MOIF
AC P(X), where X = 2, (M) (so |X| = A). First we use The-
orem 2.2 to get a f-complete ideal Z over X s.t. B(Add(6, 2Y)) =
2(X)/T in V[G]: Let U € V be a fine 6-complete ultrafilter on
Xand j=jy:V — Since k& > crit(j) > 6,

J(Add(0, k) = Add(0, j ()
Add(9, j“k) x Add(0, j(x) \ j)
= Add(0, k) x Add(6, j(k) \ k) x {1}.

1l

Each p € Add(0, k) is s.t. [p| < 6, so j(p) = j“p, i.e. the iso-
morphism extends j(p) — (p,1,1). Setting T = U*)V, we
have B(Add(0, j(k) \ k)") & 2(X)/T in V[G] by Theorem 2.2.
To finish we must show that Add(6, j(x)\x)" 2 Add(0, 2%)V16].

Add(6, k) is 6-closed so we have, for all Y € V, Add(6,Y)" =
Add(6, Y)VI4, so it is sufficient to show that |5(x)\x| = |(2*)V1].

By standard chain condition techniques' and some cardinal
arithmetic, we have [(2)VI9] < |(24)V]. (24" € (2419, so
12V = [(2M)V1€]. Now we need only show that [2*| = |j(k)\#|
in V. We work in V' for the rest of the proof.

2% > k so it is enough to show that 2* < j(k) < (2)*. Let
D = [id]y in M. By the fineness of U, j“A € D and M k |D| <
j(k). By elementarity, M & (Vy < j(x))2" < j(x) and hence
M E |2(D)M| < j(k). Hence, by [1], 2* < |22(D)M|.2

On the other hand, j(k) = {[flu | f: X — so j(k) <
(kM) = (2Y)*. Thus 2* < j(k) < (2*)* as required. O

A class of measurable cardinals

Assume GCH and let k < A be measurable. If G C P is
V-generic and |P| < A, then A is measurable in V[G]. Via
Proposition 3.4, forcing with Py = *,c4 Add(a, at), where
A = {a < k| aregular}, gives an M&cIF A C P (k). |By| =
K, so A is still measurable in the extension. Repeating with

'One could adapt the proof of [6, Lemma 15.1] to incorporate chain
conditions, for example.

2The method is similar to [7, Lemma 3.3.2], but could be older.




