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UPWARDS HOMOGENEITY IN ITERATED
SYMMETRIC EXTENSIONS

CALLIOPE RYAN-SMITH"*, JONATHAN SCHILHAN“* AND YUJUN WEI

Abstract. It is sometimes desirable in choiceless constructions of set theory that one iteratively extends
some ground model without adding new sets of ordinals after the first extension. Pushing this further, one
may wish to have models V¥ C M C N of ZF such that N contains no subsets of V' that do not already
appear in M. We isolate, in the case that M and N are symmetric extensions (particular inner models of
a generic extension of V'), the exact conditions that cause this behaviour and show how it can broadly be
applied to many known constructions. We call this behaviour upwards homogeneity.

§1. Introduction. Cantor’s well-ordering principle is afoundational part of modern
formalised mathematics that asserts that every set can be well-ordered. Using some
translation, we may equally describe this idea as being that for every set we may
construct a bijection between that set and a set of ordinals. The least order type of
such a set is called the cardinality of that set and has innumerable applications across
mathematics. However, this principle cannot be deduced from the other axioms of
Zermelo—Fraenkel set theory and thus one can create models of ZF that do not
satisfy this. One method to do so is symmetric extensions, a technique that builds on
forcing and constructs intermediate models V' C M C V[G]for V-generic filters G.
This intermediate model is guaranteed to satisfy ZF but may not satisfy the well-
ordering principle and, hence, there may be sets that are not in bijection with a set
of ordinals.

One generalisation of this view of the well-ordering principle would be to ask
that all sets are in bijection with sets of sets of ordinals. This also cannot be proved
from ZF alone, so one could go one step further and ask that all sets are in bijection
with sets of sets of sets of ordinals, and so on. To this end, we say that an a-set is
an element of 2% (Ord), the ath iteration of the power set operator on the class of
ordinals taking unions at limit stages. The Kinna—Wagner Principle for o, written
KWP,, is the assertion that every set is in bijection with a set of a-sets. In particular,
KWP, states that every set is in bijection with a set of ordinals and so is equivalent
to the well-ordering principle. One may then hope that ZF at least asserts that there
is some ordinal « such that KWP,, holds, but this is not the case. An early stage of
showing this failure was Monro’s iteration (explored in Section 4.1 and originally
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2 CALLIOPE RYAN-SMITH, JONATHAN SCHILHAN, AND YUJUN WEI

published in [11]), a method by which a strictly increasing chain (M,, | n < w) of
models of ZF is constructed such that for all k > n, M}, and M, have the exact same
class of n-sets. In particular, since the chain is strictly increasing, M £ -KWP,,.
This stands in stark contrast to Balcar and Vopénka’s theorem that if V' and W
are transitive models of ZF, V' £ AC or W E AC, and Z(0Ord)” = 22(0rd)" then
V = W." Monro’s construction was later extended by Shani in [13]. Taking the
failure of Kinna—Wagner further, the Bristol Model, exhibited in [7], is a model of
ZF such that ZF & -KWP,, for all ordinals .

In each case the constructions make use of a certain homogeneity in their forcing.
For a notion of forcing P and an automorphism 7z of P, one can extend n to act
on all P-names and, as one might expect, if p I- ¢(X) for some p € P and P-name
X, then np I- o (7x). Suppose that for all ¢, ¢’ < p there is « such that ng = ¢’ and
nx = x. Thenif ¢ I+ ¢(x) we must have that for all ¢’ < p, ¢’ IF ¢(x) as well. Hence
we must have that p I ¢(X) or p IF =¢(X). By noting that ground-model sets are
not moved by any =, we have that for all ground-model sets y, either p IF y € x
or p Ik y ¢ x. Therefore, if p IF x C V' then we must have p IF X € V. A similar
process can be carried out in an iteration of symmetric extensions V C M C N
to ensure that if (p.§) I- X C V then p IF x € M. Thatis, 2(V)M = 2(V)N. We
have isolated a homogeneity condition on iterations of symmetric extensions that
precisely characterises when the second step does not add subsets of the ground
model.

_ DEFINITION. (Py, Go, Fo) * (Pl G F >° is upwards homogenous if for a}ll
' € Fy « F) there is a dense (equivalently, predense) collection of (p°. ¢°) € Py * PPy
such that for all (p. ¢), (p,q¢") < (p°,4°) thereis @ € T such that 7(p. q) || (p.4’).

MaIN THEOREM. &= (Py, Gy, Fo) * <IE”1 G, .7:'1>. is upwards homogeneous if and
only if for all symmetric extensions VC M C N by .7, (V)M = 2(V)N.

This homogeneity is exploited in several choiceless constructions, some of which
we shall exhibit here: Monro’s model of -KWP,, for all n < w; Karagila—Schlicht’s
‘forgetting how to count’ construction; Morris’s construction of countable unions of
countable sets, the power sets of which have arbitrarily large Lindenbaum number;
and the Bristol model.

REMARK. It is in the first exhibition of the Bristol model, [7, Definition 3.20],
that the phrase “upwards homogeneity” is used, albeit with a different definition.
The definition presented here is a modification of the original that allows it to work
in all settings.

1.1. Structure of the article. We establish preliminaries in Section 2 to fix
notation and to introduce the essential mechanics of symmetric extensions and
their iterations. In Section 3 we define upwards homogeneity and prove our main
theorem. In Section 4 we exhibit some examples that make use of this technique,

I'This result can be further generalised to “if V' and W are transitive models of ZF. V' = KWP,, or
W E KWP,, and 2*71(0rd)" = 2°*t1(0rd)" then V = W”.

20ur explanation here shall be somewhat imprecise. All terms and notation used are explained in
Section 2.
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UPWARDS HOMOGENEITY IN ITERATED SYMMETRIC EXTENSIONS 3

illustrating the idea behind the definition. We end with some open questions in
Section 5.

§2. Preliminaries. By a forcing we mean a partially ordered set (P, <p) with a
maximum element 1p. When there is no room for confusion, the subscripts may be
omitted from 1p and <p. Elements of P are called conditions and the relation ¢ <p p
is referred to as ¢ extending p or ¢ being stronger than p. Furthermore, we follow
the Goldstern alphabet convention: p is never a stronger condition than ¢, etc. We
say that p, p’ € P are compatible, denoted p || p’, if they have a common extension
inP.

We recursively define a P-name as any set of tuples (p, X), where p € Pand X is a
P-name. We say that a P-name y appears in x if there is p € P such that (p, y) € X.

For a family X = {x; | i € I} of P-names the bullet name for X, denoted X*, is

{X,|l€[}.:{<]].[p>,x,>|l€[}

The bullet name of a set provides a canonical name for the set of realisations
of X. This extends to ordered pairs, sequences, functions, etc. We recursively define
canonical names for ground-model sets as X = {y | y € x}* so that X, the check
name for x, is always evaluated to x in the forcing extension. In the case that the
symbols representing a set are too long, such as f(x), we may put the check to the
side instead, such as f(x)". A formula in the language of the forcing PP is a formula
in the language of set theory but with every free variable replaced by a P-name.

Throughout this article the dot notation X, y, etc. is reserved for names associated
with some notion of forcing. If ¢ is a name, then the undotted « implicitly denotes
the set interpreted by ¢ in the corresponding forcing extension, and vice versa.

2.1. Symmetric extensions. If J is a model of AC, then any forcing extension of
V will also model AC, so additional ideas are required to obtain models in which
AC fails. Symmetric extensions provide a way to do this.

For a notion of forcing P, let Aut(P) be the group of automorphisms of P. For
n € Aut(P) and a P-name x, we inductively define the action of z on x by

nx = {(zp.7ny) | (p.y) € X}.

The Symmetry Lemma, recited below, is a consequence of this construction. A proof
can be found in [4, Lemma 5.13].

THEOREM 2.1 (Symmetry Lemma). Let n € Aut(P). Then for any P-name x and
SJormula . p & o(x) if and only if np I+ o(7x).

Let G < Aut(P). A filter of subgroups of G is a set F of subgroups of G such that:

1. GeF;

2.ifTe FandT' <A< Gthen A € F;

3.ifIAe FthenI'NnA e F.
Fisnormal if foralT € Fandn € G, al'n ! € F. Finally, a symmetric system is
a triple = (P. G, F) such that P is a notion of forcing, G < Aut(PP), and F is a
normal filter of subgroups of G. Occasionally, to simplify the exposition, we may
only require that G is acting on P rather than literally consisting of maps z: P — P.
All notions below are then derived in an analogous way.
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4 CALLIOPE RYAN-SMITH, JONATHAN SCHILHAN, AND YUJUN WEI

Given a P-name X and a group G < Aut(P), we denote by symg(x) the set
{n € G | =x = x}. Given a filter F of subgroups of G, we say that x is F-symmetric
(or simply symmetric) if symg (x) € F. The class of all hereditarily symmetric names’
is denoted HS £. If = (P, G. F) is a symmetric system then we shall say that X is
an .~name to mean that x is a hereditarily F-symmetric P-name.

If G is a V-generic filter for P, then HS% .= {x% | X € HS#} is a symmetric
extension over V given by (P, G, F), and is a submodel of V[G] satisfying ZF (see
[4, Theorem 5.14]). We also say that HS% is a symmetric extension according to .
or by .’in this case.

For p € P and ¢ a formula in the language of the forcing, we write p IFo ¢ to
mean that p forces ¢ when quantifiers are relativised to the class HS = (this is often
written p IF1S ¢ in the literature).* If p IF.» ¢ or p |- — then we say that p has
decided . Similar language may be used for more specific applications. For instance
when fis a name for a function with range included in V, we might say that p decides
f(x) if there is y such that p IFo& f(x) = .

We will often omit subscripts when clear from context, so HS means HS =, sym(x)
means symg(x), and so forth.

ExaMmPLE 2.2. An illustrative example of symmetric extensions is Cohen’s first
model. Let P = Add(w, w), that is the forcing with conditions that are finite partial
functions p: w x w — 2, ordered by reverse inclusion. For n < w let

iy ={(p.k) | pln.k) =1} and A= {a,|n<w)"

The automorphism group G is S, the finitary permutations of w. That is, those
bijections 7: w — w such that 7(n) = n for all but finitely many n. We define the
G-action on P as

ap(nn.m) = p(n.m),

in which case 7d, = d,, and 14 = A.
We define the filter F as being generated by subgroups of the form

fix(E)={ne€g|n| E=id}

for E € [w]~”. F is normal since zfix(E)n ! = fix(z“E), and so .= (P.G. F) isa
symmetric system. As fix({n}) < sym(d,) and G = sym(A) we see that 4 and the
a, are all .#-names.

Cram 2.2.1. Whenever M is a symmetric extension according to ., A is infinite
Dedekind-finite. That is, there is no injection ® — A in M.

Proor oF CLAIM. Firstly, forn # m < wtheset{p € P | (Fk) p(n. k) # p(m.k)}
is dense and so for all n # m. 1 |- a, # d,. Hence A4 is infinite.

To see that 4 is Dedekind-finite, let f be an .Y-name, p € P be such that
p ko “f isa function @ — A”, and E € [w]<® be such that fix(E) < sym(f). Let
go < p and extend ¢ to ¢ such that forsome m ¢ E and n < w, ¢ ks f (1) = ay.

Since dom(q) is finite, there is m’ ¢ E such that for all k < w, (m’, k) ¢ dom(q).
3That is, X is F-symmetric and, for all y appearing in %, y is hereditarily F-symmetric.

4Note that for all Ay sentences ¢, such as x € p, p I+ % € y ifand only if p IF o X € 3.
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UPWARDS HOMOGENEITY IN ITERATED SYMMETRIC EXTENSIONS 5

Setting 7 to be the transposition (m m') € fix(E) we have that ng || ¢ and
ng ks nf (7it) = 7. so ng b5 f (71) = d,,y. Since nq || ¢. ¢ cannot have forced
that f is an injection. Since ¢ was arbitrary below p this behaviour is dense and
p Ik “f is not an injection”. -

DEFINITION 2.3 (Cohen forcing). We shall make frequent use of the following
generalisation of Add(w.w): Given sets X and Y we denote by Add(X, Y) the
notion of forcing of partial functions p: ¥ x X — 2 such that dom(p) is well-
orderable and |[dom(p)| < |X|. The ordering is given by ¢ < p if ¢ O p. A generic
filter for Add(X, Y) will induce a new functionc: ¥ x X — 2and so can be thought
of as introducing a Y-indexed family of new subsets of X.

2.1.1. Iterating symmetric extensions. The idea of iterating a symmetric exten-
sion, much like iterating forcing extensions, is quite simple at its core. One has
a symmetric system . = (Py,Go. Fo) and considers the symmetric extension
M = HSE’;‘; D V' given by some V-generic filter Gy for .. Then, in M, one can
construct a further symmetric system .#; = (P;. G, F1) and can take, over M, a
symmetric extension by .#] to obtain N = HS% DO M given by some M -generic filter
G, for .. Analogously to iterating notions of forcing we can describe this process
as a single symmetric extension in the ground model. While [8] has a thorough
treatment of the topic, we shall only go over what is required for accessing our
results. In particular, proofs that the constructions are well-defined are omitted in
some cases.

DEFINITION 2.4 (Two-step symmetric extension). Let % = (Py, Go, Fo) be a
symmetric system, and let ) = <IP’1 .G F >' be an.#y-name such that 1p; I &, “«A
is a symmetric system” and sym(.%}) = G,. We define the iteration . = .%, * .%} to
be the symmetric system (P, G, F) thusly:

PP is defined similarly to the usual iteration of notions of forcing. Conditions in P
are pairs (p. ¢) such that p € Py, ¢ is an #y-name and 1p I- § € [P, .* The ordering
is given by (p’.¢") < (p.q) if p’ <p, p and p’ I+ ¢’ <p, qg.

For (p.q) € P.if 1p, IF 71; € G, then there is a canonical choice for an .%-name
¢’ such that 1p, I 71(¢) = ¢’.° We shall denote this name simply by 7,4 to coincide
with the notation 7 p for the action of Gy on Py. We set G = G G to be the group
with elements that are pairs 7 = (mo.71). where my € Gy and 1p I 7; € G, with
group action on PP given by

#(p.q) = (mop. mo(7t14)) = (mop. (mo7t1)(m0g)).”

This action is sometimes denoted fﬁ (p.q) in the literature, especially in longer
iterations, and is used in Section 4.4.

5As in forcing iterations, since the collection of such names ¢ is technically a proper class, we would
for instance put a bound on the rank of 4.

®For instance, let ¢/ = {(p. ¢) | 7 be an #-name and p I 3 € 71(§)}. where we bound the rank of
¥ appropriately.

"Technically speaking this might not end up being an automorphism. since the action of 7 might not
be invertible as only very specific names are of the form 74;. There are several ways to work around
this, though. For instance, this does define an automorphism in the separative quotient of P (see [8]).
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Whenever Iy € Fo. 1p, I+ I e Frand Ty < symgo(fl),weidentifyf = <FO,F|>
with the group of (mp.7;). where my € I’y and 1p I 7 € . Finally, we set
F = Fo * Fi to be the filter generated by subgroups of G of this form.

In our constructions we shall further require, without loss of generality. that each
of Py, <P1, G1. and F are Gy-stable. That is, Gy < symp, (IPy), etc.

2.2. Wreath products. For this section only, let G and H be groups acting on sets
X and Y, respectively. We shall define the wreath product of G by H that will be
required in Section 4.3 and is commonly used elsewhere in symmetric extensions.

DErINITION 2.5. Let G be a group acting on a set X and let H be a group acting
onaset Y.

e To each x € X and 1 € H we associate an element 4} € Sy« y by

(x' hy) ifx'=x,
(x',y) ifx"#x.

e To cach g € G we associate an element g* € Sy« y by

hE(x',y) =

g (x.y) = (gx.y).

When then define the wreath product of G by H, denoted G ! H, is the subgroup of
Sy« y consisting of elements of the form

n=(g". (h)xex). where n(x.y) = g"(hi(x.y)).
We denote by z* the g* component of z and by =} the #} component of 7.

This notation differs from the typical presentation given in group-theoretic
contexts, but it is more intuitive for our purposes. One may consider the action
of G ! H pictorially: Suppose that G acts on a circle X upon which we wind many
smaller circles, each copies of Y, to form a wreath. Then an element (g*, (h).ex)
of G ! H acts on the wreath by applying A} to the copy of Y at the x co-ordinate,
and then applying g* to the wreaths as a collective, as in Figure 1.

§3. Upwards homogeneity. Recall that we are concerned with iterations of
symmetric extensions . = % * /] given by the symmetric systems (Py. Gy, Fo) *
(P1.G1. F1) = (P.G.F).

DeriNITION 3.1, Let 7= (Py, Gy, Fo) * <ﬂ3>1,g'1,f1>' = . * .7 be an iteration
of symmetric extensions. We say that .% is upwards homogeneous if, for all T € F,
there is a predense collection of conditions (p°,4°) € P satisfying the following
property:

For all (p.¢).(p.4") < (p°.¢°) there is @ € T such that 7(p.q) ||
(p.4').

Another work-around that will appear in an upcoming paper by the second author is to only considfzr
names of the form ¢ = id®¢ in the definition of P in the first place. Every .#)-name for an element of P,
is forced to be equal to a name of this form, as can be easily seen.

Downloaded from https://www.cambridge.org/core. IP address: 82.5.237.37, on 12 Jan 2026 at 14:32:06, subject to the Cambridge Core terms of use, available at
https://www.cambridge.org/core/terms. https://doi.org/10.1017/js1.2025.10148


https://www.cambridge.org/core/terms
https://doi.org/10.1017/jsl.2025.10148
https://www.cambridge.org/core

UPWARDS HOMOGENEITY IN ITERATED SYMMETRIC EXTENSIONS 7

FIGURE 1. The action of a wreath product: The co-ordinate (x, y) is transformed
by n = (g*. (h})rcy) first according to A} into (x./%(y)), and then according to
g” into (g*x. h7(y)).

Thatis, thereis a predense collection of elements (p°, ¢°) such that whenever p < p°.
and p Ik, ¢.¢" < ¢° thereis my € T'g and 1p I, 711 € I'y such that 7op || p and.
for some p’ < p.7o(p). p’ k5, mo(14) || ¢’

Note that if (p°.§°) satisfies this condition for a particular T € F then all
extensions of (p°, ¢°) do as well. Hence, we may equivalently replace “predense” by
dense or open dense in the definition.

MAIN THEOREM. An iteration of symmetric extensions . = Sy * ./ is upwards
homogeneous if and only if for all symmetric extensions V.C M C N that . generates
andall X € N with X C V,we have X € M.

Note that in the case V' E AC this is equivalent to saying that there are no new
sets of ordinals in N that were not already in M.

PrOOF. (= ). Let X be an .#name such that 1 |- X C A for some 4 € V.
Letting I' € F be such that I' < sym(X). we claim that whenever (p°.¢°) € Pis as
in the definition of upwards homogeneous. (p.¢) < (p°.4°).and (p.4) lF»d € X.
then (p.°) ko d € X as well.

Let (p’,4") < (p.¢°). By the definition of upwards homogeneous, there is
7 el such that #(p’.4) | (p'.¢'). Given that (p’.q4) < (p.4). we have that
(p'.q) Fwd € X and. indeed. 7(p’.§) IF.» d € X as well. Since 7(p’. ¢) || (p'.4').
we cannot have that (p’.¢')IF»d ¢ X and so (p.4°) IF»d € X as required.
Similarly. if (p.¢) - a ¢ X . then (p.¢°) IF.» d ¢ X as well. Hence. if we let

Y = {(np.a) |m €Ty, a €A (np.ng°) Fya GX}

then I'y < symgo(f’), so Y is an .%-name, and (p°.q°) ks X=Y.
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8 CALLIOPE RYAN-SMITH. JONATHAN SCHILHAN. AND YUJUN WEI
(<=). LetT" and (py. go) be arbitrary. Consider the P-name

X ={(®(p.4)-(p.9)) | (p.4) eP. 7 €T},

where (p, ¢)” refers to the check name for the ground model set {p, ¢), rather than
the condition in IP or the .%-name for an element of P;. Note that I’ < sym(X) and
every P-name appearing in X is a check name, so X is a hereditarily F-symmetric
name for a subset of V. Note also that since all P-names appearing in X are check
names, for all generic G C IP we have (p. ¢) € X if and only if there is 7 € T such
that 7(p, ¢) € G. By assumption there is an .#-name Y and (p°.4°) < (po,qo)
such that (p°, ¢°) Ik X = Y.

We claim that (p°, ¢°) is as in the definition of upwards homogeneity. Towards
this end. let (p.¢). (p.4’) < (p°.¢°) be arbitrary. Since (p. §) IF» (p.¢)” € X and
(p.4) < (p°.¢°). we have that (p. §) IF.» (p.¢)” € Y as well. Furthermore, since Y
and (p. q)” are .#y)-names, we in fact have that p IF o, (p.4)" € Y.If G C Pis then
an arbitrary generic filter with (p.§’) € G we have that (p.¢) € Y% = X and. by
the observation above, there is 7 € T such that 7(p, ) € G. Since both (p. ¢’) and
7{p, ¢) lie in the same filter, these conditions must be compatible and we have proved
our claim. !

By inspecting the prior proof, we have actually made a somewhat stronger
assertion.

THEOREM 3.2. Let T € F and (p°.§°) € P. The following are equivalent:
1. forall (p.q).(p.q") < (p°.q4°) thereis @ € T such that @(p.q) || (p.q’):

2. (p°.q°) forces that all T-stable names are equivalent to an y-name: and
3. (p°.q°) forces that the T-symmetrisation of the generic object G

LG = {7((p.4).(p.4)") | T € T. (p.4) € P}
is equivalent to an Sy-name.

For the rest of the article we shall exhibit how this definition uniformises various
constructions that use upwards homogeneity.

§4. Examples.

4.1. Monro’s iteration. Monro’s article [11] was inspired by a theorem of Balcar
and Vopénka (from [15]) that if M and N are transitive models of ZF such that
2(0rd)M = 22(0rd)" andeither M £ ACor N £ AC,then M = N.Monro’s paper
also built on a later construction by Jech in [3] of a counterexample to this theorem
for general models of ZF. His construction extends this process to build a chain of
models (M, | n < w) of ZF, where M, is a model of ZFC, such that for all n < w,
2" (Ord)Mn = 22" (Ord)Mn+1, but M, # M, 1. where &"(Ord) refers to the nth
iterate of the power set operation on Ord. This construction would later be extended
even further by [13] to go beyond the wth step.

We shall inductively define a sequence of models (M, | n < w), Dedekind-finite
sets 4, € M, (excepting 49 = w), and symmetric systems .%, = (P, G,. F,) € M,
such that M, is a symmetric extension of M, by .#,. We begin with My =V a
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UPWARDS HOMOGENEITY IN ITERATED SYMMETRIC EXTENSIONS 9

model of ZFC and let Ay = w. If M,, and A4,, have been chosen, the symmetric system
%, 1s defined as follows.

The forcing P, is Add(A4,,, w). Note that since 4, is w or Dedekind-finite, this is
the forcing given by finite partial functions w x A4, — 2 ordered by reverse inclusion.
We define the P,-names

ap ={(p.x) | plk.x) =1, x € A,} and
Apsr = {af | k < o}*.

Let G, = S<,. the group of finitary permutations of w with group action on P,
given by np(nn, x) = p(n,x). Then na} = a”, and nd,1 = A, forall z € G,

The filter F, is generated by the groups fix(E) = {n € G, |n| E =id} for
E € [@]<”. By our prior calculations we get that fix({k}) < symj (4}) € F, and
Gn = symp,_ (An+1) € Fy. so the names ¢; and Ay are all in HSp,. Finally, we
set M, to be the symmetric extension over M, given by the symmetric system
%1 = <]P)nagn-7:n>

In this case M, is Cohen’s first model, defined in Example 2.2, and by the same
argument the sets 4, are all infinite Dedekind-finite.

PROPOSITION 4.1. For all n < w, ¥, <%1+1 is upwards homogeneous. Therefore,
M, » does not have any subsets of M,, that were not already in M, .| and, by induction,

2" (Ord)Mrt1 = " (Ord) M2,

Proor. Here we work in M,,, so %, is an element of our ground model M,, and the
statement “.%, * yn+1 is upwards homogeneous” makes sense. Note that conditions
in P,,; have canonical P,-names: For f a finite partial function @ x @ — 2 we
define the P,-name ¢, for a condition in I@’,,H as

Gy = {Uk.dp,. (f Ge.m)))* | (k.m) € dom(f)}.

Thatis, g/ (k. al,) = f(k.m). Conversely. whenever p It 5, ¢ € P,,1 we may extend
p to p’ < p and find some f: w x w — 2 such that p’ -y, ¢ = ¢,. When the
conditions of I?’,,H are cast into this canonical form, elements 7 € G, act on them
as follows: Let 72 - / denote the function such that (% - f)(k,zm) = f (k, m) for all
k,m < w. Then

= {(mk.may. 7 (f (k.m))")* | (k.m) € dom(f)}*
={< :anm,( (k.m))")* | (k.m) € dom(s)}*

= {(k. dppy. (R~ f (e, om)))® | (k.m) € dom(f)}®
= {(k.dp,. (& £ (k.m)))* | (kom) € dom(# - /)}*
= ds-r.

We shall still denote by 7 f the action 7 f (nn.m) = f(n,m). In the following, we
assume that all conditions in IP’,1+1 are in this canonical form.

Let fix(Ey) € F, and fix(E,) € F,.1. where Eo. E; € [0]<?, and let (po.qr) be
a condition in P, «P,,;. We wish to find a compatible condition (p°.4°) that
witnesses upwards homogeneity for fix(Ey) * fix(E;) € F, * Fp.1. We claim for any
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10 CALLIOPE RYAN-SMITH, JONATHAN SCHILHAN, AND YUJUN WEI

/° such that dom(/f°) = E; x Egand f° || f. (po.q o) is sufficient.” Set ¢° = ¢ o.
Note that in this case we certainly have that (po.q/) || (po.4°).

Let (p.qq).(p.4n) < (po.4°). We can find the required = € fix(Ey) and
o € fix(E}) as follows:

Firstly, since dom(g) and dom(h) are finite, there is ¢ € fix(E|) such that
dom(og) Ndom(h) C E| x w, akin to Cohen’s first model in Example 2.2.

Similarly, given that dom(p), dom(sg), and dom(4) are all finite we can find
n € fix(Ey) such that dom(zp) Ndom(p) C E¢ x A, and

dom(7 - (6g)) Ndom(h) C E; x Ej.

Giventhatg, h 2 f°, and dom(f°) = E| x E,, we must have that 7 - (¢g) || &, and
hence (7. 6)(p. qs) || {(p.qn) as required. o

ReEmARK. In the proof of Proposition 4.1 we used the fact that there exist
canonical .%-names for conditions in I, on which the group Gy acts nicely. This is
the case for all applications of upwards homogeneity that we will exhibit and, for
the rest of the article, we shall implicitly assume that the names for the conditions
of P, are already cast into such canonical forms. Extending the first co-ordinate to
achieve this will not affect whether .#is upwards homogeneous.

This case serves as an excellent intuitive framework for upwards homogeneity. If
one only considers fix(Ey) < symg, (X () and fix(E;) < symg, ([X]). where [X] is an

Sy-name for an .%-name X of a set X, then any ¢ € I| that has information filled
up on the domain £y x E; determines the whole content of X. Since Ej and E| are
both finite, we can always find some ¢ such that dom(q§) 2 Ey x E;, from which we
can determine X.

In this way, one may view upwards homogeneity as a sort of “closure” of P, with
respect to both filters Fy and ;. In many cases of symmetric extensions the filter is
generated by {fix(E) | E € Z}, where Z is an ideal of subsets of a set related to the
forcing. If I, is not closed enough compared to one of the ideals that are used to
generate the filters then upwards homogeneity fails.

ExampLE. Let Py = Add(w.w). Gy =S, acting on Py via np(n(a).n) =
pla,n), and Fy be the filter generated by {fix(E) | E € [w1]%*'}. Then Py adds
aset A ={a, | a <w} of w;-many new reals. If £ C w; is countable in V" then
there is an enumeration (a, | a € E) in M, since it is fixed by fix(E).

Then we let P, be the notion of forcing with conditions that are finite partial
functions ¢: w x 4 — 2, ordered by reverse inclusion. Let G = S,. acting on P,
via 64(6 (7). a) = ¢(ii. @), and F be the filter generated by {fix(E) | E € [w]<”}.
Then P, adds a set {b, | n < w}. where each b, is a subset of 4. Let E C ; be
countable, then for each n < w, ]P’l adds{a € E | a, € b,} new to M, since for each
riE—2in M, {q €P|(3a)g(aq.n) #r(n)} is dense.

In this example PP;, consisting of finite conditions, is not closed enough compared
to the o-closedness of the filter Fy. )

The reader may also verify that if in Monro’s iteration .% * .7 we change the
filter of either the first or the second iteration to the improper filter (the filter that

8For example, f° = f [ E; x EgU {(a,0) | a € (E| x Ep)\dom(f)}.
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UPWARDS HOMOGENEITY IN ITERATED SYMMETRIC EXTENSIONS 11

contains the trivial subgroup) then we have added new subsets of w in the second
iteration.

4.2. Forcing over symmetric extensions. Here we consider what happens to
Definition 3.1 if the second iterand is equivalent to a forcing notion. In this case, one
may take G, = {id} and upwards homogeneity can be simplified: ForallT" € F; there
is a predense collection of (p°,¢°) € P such that, for all (p.q). (p.q’) < (p°.4°).
there is = € T such that (np, q) || {p,q¢’). Notationally, we shall identify a (name
for a) notion of forcing IP; with the symmetric system (1, {id}, {{id}})".

An example of this scenario is [10]. Recall Cohen’s first model defined in
Example 2.2 and let 4 = {a, | n < w} denote the Dedekind-finite set of reals added
by . in this extension.

ProposiTION 4.2 [10, Theorem 5.1].  Let & be any cardinal and let Py be Col(A, k),
the notion of forcing given by well-orderable partial functions q: A — k with|q| < |A|,
ordered by reverse inclusion. Then %y x Col(A, )* is upwards homogeneous. That is.
Py does not add new sets of ordinals.

Proor. Note that the conditions in P; are finite. For (pg.do) € P; and
E € [w]=°, we find (p°.4°) < (po.qo) so that p° Ik dom(¢°) 2 {a, | n € E}*.
If {p.q) and (p.q’) extend (p°.¢°), let p’ < p so that p’I-dom(q) = {a, |
n€ F}*Adom(¢') ={a,|neF'}* for some FF'e[w]<®. Then we find
n € fix(E) such that dom(zp’) Ndom(p’) CE and n“FNF' =E and thus
P’ Ik, dom(ng) Ndom(q’) = {a, | n € E}*. It follows that n(p.q) | (p.4’).
Therefore (p°, ¢°) witnesses upwards homogeneity as required. -

REMARK. Note that if instead the first iterand is a full forcing extension then
Py * ) is upwards homogeneous if and only if 1p, forces that . is trivial. In the
case that the ground model satisfies AC this is an immediate consequence of Balcar
and Vopénka’s theorem.

4.3. Morris’s iteration. A remarkable construction that violates choice is showing
that countable unions of countable sets need not be countable. For example, in [1]
Feferman and Lévy construct a model of ZF, in which 2% is a countable union of
countable sets (and consequently w; is singular). In the same vein, as part of their
Ph.D. thesis [12], Morris constructed a model of ZF, in which, for all ordinals «,
there is a set 4, that is a countable union of countable sets admitting a surjection
P(As) — N,. The construction is recast into a modern form in [9] and corrected
in [5], the method of which we follow here.

Fix an infinite cardinal x and define Py = Add(k,w x @ x k). Let

Soma = {p. B) | p(n.m.o. B) = 1},
dn,m = {Xn.m.,a | a < li}., and
Ap = {dpm | m< o}
Set Go = ({id} 1 S0) 1 Sk < Spxwxr. S0 elements are of the form

7((1’1, m, Oé) = <n, 775;; (m), 77:11.171(05»
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12 CALLIOPE RYAN-SMITH, JONATHAN SCHILHAN, AND YUJUN WEI

as in Definition 2.5, with action given by np(n(n, m, a). ) = p(n.m. «. ). Hence
nxn.m.a = )‘Cn(n,m,a)’ ﬂdn_m = dn«n,’;(m)’ and 7[14” = An.

Forn < wand E € [k]¥", letfix(n,E) ={n € Gy | n| n x v x E =id}, and set
Fo to be the filter of subgroups generated by these groups.

Let M be a symmetric extension by the system .7 = (Py, Gy, Fo). Working in
M, we define P;: conditions in P; are finite sequences 1 = (t; | i € E), where E €
[k X w]<* and, for some n < w. t; € [],_, Ax for all i € E. We define supp(¢) =
dom(¢) = E, the support of this condition. We say that ¢ < s if:

1. supp(#) 2 supp(s):
2. foralli € supp(s). s; C ¢;:
3. foralli # j € supp(s). if t;(k) = t;(k) then k € |s;|(= [s;]).

That is, if ¢ extends the sequences s; in any way then these extensions must be
pairwise distinct. We define the group G; as {id} ! S<, < Skxe (Where S-,, is the
set of finite-support elements of S,,), acting on Py via n{t; | i € E) = (t; | i € E).
Finally, we let F; be the filter of subgroups of G; generated by groups of the form
ﬁX(E) = {7[ € g | n| E :ld} for E ¢ [k % a)]<‘”. Let S = <]P)1,g1,]'—1>, and let
P = (Pl .Gy, ]:"1>. be a canonical .#-name for .%}.

Let V' C M C N be an iterated symmetric extension according to . * . InM,
the sets 4, are all countable, asistheset {4, |n < w},s0 4 = {apm | n.Mm < w}isa
countable union of countable sets. Furthermore, a standard argument _shows that 4 1s
not countable. Alsoin M. let by, = {(t.@) | (3i)tan(i) = a}. By = {ban | n < 0},
and B = {b,, | @ < k.n < w}*. noting that these are all hereditarily symmetric.
In N, B C A4 and the canonical enumeration (B, | @ < k) induces a surjection
P(A) — B — k. Crucially, Proposition 4.3 demonstrates that N contains no sets
of ordinals not already found in M which, in particular, implies that x has not been
collapsed. By iterating such constructions and using upwards homogeneity, one can
continue to guarantee that no cardinals are collapsed while adding the desired sets
A, for all a.

PROPOSITION 4.3. . x .7 is upwards homogeneous.

Proor. Let (Iy. 1)) € F and (po.f) € P. Then we find (p°.7°) < (po. o).
n<w. Ey€[k]<F. and E| € [k X ®]<® such that fix(n, Ey) < Iy and

P° Ik, fix(Ey) < Ty Asupp(i°) = Ey A (Vi € Ei)(|i?] = 7).

Suppose that (p. 7). (p. ') < (p°,i°). Then we may find p’ < p, F F' € [k X 0]<®
extending £y, and f: F — o™, f': F' — ™", for some m, m’ such that

P kg, i = (i o0 | k< m)° A i} = <dk.f;.(k) |k <m')®,

forall i € F and j € F'. We first may find ¢ € fix(E;) such that ¢“F N F’ = E;
and thus p’ IF supp(67) N supp(i’) = E,. Hence the only reason that 67 and #/ might
be incompatible is because of their values on E|. Note that for all k € [, m) and
i #j € E wehave f;(k)+# f;(k), and a similar argument holds for f’. Thus
{(fi(k), fi(k)) | i € E1} is an injective function and can be extended to by € S,,.
Let 7 € fix(n, Eo) be such that for all k € [n,m). n} = by, taking m < m’ without
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UPWARDS HOMOGENEITY IN ITERATED SYMMETRIC EXTENSIONS 13

loss of generality. By using the last factor of the wreath product which acts on « we
may also ensure that zp’ || p’. Thus, if r < np’, p’,

rie(nei); = nlag 00 | k< m)®
= (mdy s, 000 | K < m)*
= (ag g1y | k < m)*
=il m,

so rlkg, not || i'. Hence also (m.¢)(p.f) | (p.i'). Note that while it is not
necessarily the case that 1p IF 5 ¢ € I';. we can easily find an #y-name ¢ such
that Ip, Ik 7 € I'; and p° Ik, © = d. Then (7. 7) is as required. =

4.4. The Bristol model. In [16] Vopénka shows that for all set-generic extensions
V' C V]G] of models of ZFC and intermediate models V' C W C V[G],if W E ZFC
then W is also a set-generic extension of V. However, if we ask only that W is a
model of ZF then this principle no longer holds. The Bristol Model is a model
M E ZF such that L C M C L[py] but M fails to be a symmetric extension of L,
where pyg is Cohen-generic over L. This was first exposited in [7] and later expanded
upon in [6]. While we will not reproduce the entire construction of the Bristol model
here, we will describe an upwards homogeneity argument made for limit iterands of
the construction.

Originally, the precise question that the Bristol model sought to answer was
“It VCMCV[G], with V' a model of ZFC and M a model of ZF, must
M be of the form V(x) for some x € V[G]?”"° This was answered in the
affirmative for symmetric extensions by Grigorieff [2], but the question remained
open in generality. The Bristol model answered this question negatively using
upwards homogeneity. The model is a union of intermediate symmetric extensions
VCMyC--C M, C V[po] such that the ath stage violates the ath Kinna—
Wagner principle, which states “for all X there is an ordinal f such that there is
an injection X — £°(f).” By using upwards homogeneity. the violations of these
principles would be maintained and, in the final model, all Kinna—Wagner principles
are violated. A simple argument shows that if 7" is a model of ZFC and x has von
Neumann rank o« then V' (x) is a model of the ath Kinna—Wagner principle, so the
Bristol model is indeed not a model of V' (x) for any x € V[po].

All the definitions here are made in L. If @ is a sequence indexed by ordinals,
ag denotes its fth component. The Bristol model is a class-length iteration of
symmetric extensions beginning at L. To define this sequence we require, for each
p € Ord, a name pg. For successor 8, pp is a name for a sequence of length wpg.
We will not define pg in this case, but we will define pg for limit § when it is due.
The fth iterand is given by the symmetric system denoted Z; = (Q/; Qﬂ, .F"/f>5 and
the iterated symmetric system of the first § iterands is denoted .75 = (Py. &4. Fp).

9More precisely they show that L[A] is a generic extension of HOD whenever 4 is a set of ordinals
(see [4, Theorem 15.46]), but the theorem generalises easily (see [4, Lemma 15.43]).

10Usuba [14] later proved that this question is equivalent to asking if all intermediate models are
symmetric extensions, per the prior paragraph.
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Throughout this section we use the notation | to mean the action of 7 on elements
of an iteration. In the case of a two-step iteration we define this by | (t01) (p.q) =
(mop. mo(714)) as usual, and in the case that we have a finite-support iteration we
appeal to the fact that for all 7 = (7, | @ < y) there will be finitely many « < y such
that 7, is non-trivial.

Facr 4.4 (Part of the induction llypothesis in [7, Section 4.2]). Suppose that we
have constructed 7, = (Q,.G,. F,) forally < f. Then for ally < ff and 4.4" € Q,
there is some 7t € G, such that 714 || ¢’

4.4.1. Iterating the systems %. Note that if we have constructed % forally < 8
then we may combine these symmetric systems into a single symmetric system
Sy = (Pg, Bp.Fp) as follows:

Part 1: Pg.  The forcing [Py is the finite-support iteration of (Qy |y < B).

Part 2: 5. The automorphism group & consists of elements of the form .
such that:

1. # = (1, | y < B) with each 7, appearing in G,:

2. for all but finitely many y < g, 7, is forced to be the identity function.

For such a sequence 7z, set C(77) = {y < f | 1p, JF, 7, =id"}. We define the action
of [- on p € Py recursively by. if o = max C (7). then [. p = fﬁra J;., P. where

/ B=Fla"talpa) " (3] (@ B)).

In fact, this is not how &y is originally defined. but by [7. Proposition 3.8] these are
equivalent.

Facr4.5. Letn, € Q}, for each y. and let the length of  be greater than 8. Then:
L) fn/f fﬁfﬁ - fﬁFﬁA(ﬂ/f);

2. (”) fﬁ p‘ﬁ+l = /77[ I (B+1) p‘/f+1-

Proor. For (i) see the proof of [7. Proposition 4.5]. For (ii) one needs to consider

the definition of pg. | and the permutation groups G,: ps+1 is a Qp41-name and if
7o € Go for a > f then 7, fixes pg . =

The following fact is due to the proofs of [7, Propositions 4.5 and 4.14].

Fact 4.6. Suppose that we have constructed :%for all y < B. Then for all y < f5,
pEP, and 4.4 € Q,. there is some [z €®, suchthat [.p=pandpl- [.q | ¢’
Moreover, if y = y' + 1 is a successor, then the automorphism can be further specified:
such fﬁ can be taken such that | y' = id and 7t p,y = p,.

Part 3: §g.  The filter §p consists of elements of the form H= (H, | y < p) such
that:

1. Hy appears in ]-"} forally < f: )
2. for all but finitely many y < f. H, is forced to be G,.

For H € Fg.let C(H) = {y < f | 1p, Jrr, H, = G,}.
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4.4.2. Constructing 7,. We now proceed to define 7, = (Q,.G,. F,) for limit
ordinals y. As they are less relevant to our purpose, we will not define gﬁ, or ]—"/ for
successor y. However, we will still define Qy in this case.

For all 5, Qﬁ+] is as follows:

Q[;+1 = {/:p'ﬁ+1 [ 4 ‘ [ € 6ﬁ+1, A C Wp+1 bounded, 4 € L}

Before we define Z for limit y, we need to establish some notation. Firstly, given
(partial) functions f, g: y — Ord, say that /' <* g if there is o < y such that for all
a< f<y, f(B) <g(p),andsaythat f =* gif f <* g <* f.For f alimit ordinal,
let [T SC(wg) be the product of successor cardinals below wg indexed by successor
ordinals. That is. an element of [ SC(wy) is a function f: {a+ 1| a < f} — wp
such that /' (y) < w, for all y. We denote by []SC(wy) the =*-equivalence classes
of [TSC(wg). Fix a scale F = {f, | 7 < wp1} in [[SC(wg). so F is a strictly
increasing cofinal sequence in [ SC(wp) with respect to <*. Suppose that 7 is a
sequence (7 | 0 € SC(wpg)) such that 7y is an element of the symmetric group Sy
for all successor cardinals 6 below wg. We say that 7 implements n € S, 5 if for every
large enough 0 € SC(wg). f ;) (0) = my(f4(0)).

The permutation that 7 implements is denoted (7). if it exists. We say that F is
a permutable scale if every bounded permutation of wg can be implemented by
some 7. That is, for all # < wp; every permutation of # can be implemented. By
[7, Theorem 3.27], in L there is a permutable scale for every limit . We fix for each
limit f§ a corresponding permutable scale. )

Now assume that « is a limit ordinal and, for each f < «, 3 has been defined.

o For f € [[SC(wa). let oy be (pp1 (f(B+1)) [ < ).

o Let jo be (pa.s | f € [1SC(wa))®.

e For E C [[SC(wq) and A4 C o, let po | (E.A) be (po s 1 A| f € E)°.
e For /€ [[ SC(w, ). we define

Qo.p = {/:p'a’f[A ‘ A C w, bounded, 4 EL}
7[

ordered by reverse inclusion.

We are now ready to define T, = (Qa GCo. fa>.
Part 1: Q,. We define Q, to be the forcing

{/_p‘a [ (E. A) ‘ [ €6, EC l_[SC(wa) bounded, 4 C « bounded} )

Forg = ([ ppri(g(f+1)) g€ E. fed)e Q. we denote by ¢(f) the sequence
([ pp1(f(B+1)) | p € A4).Say that ¢ <y, ¢'ifand onlyifforall f € [TSC(wa).
i() <o, 7'01).

Note that if ¢ = (/- ppi1(g(B+1)) | f€A. g €E)* € Q. then for each f € 4

we have ([ ppi(g(f+1)) | g € E)" e Qﬁﬂﬂ since [ ppi1 = t(pe1) Pper and E
is bounded.
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Part 2: Go. The group G, is defined as the full-support product Heescma) Gy.
Part 3: F,. Fory < wey1 and f € []SClw,). let

K, ={n€Gy|1(f) I n=idand, forall u € SC(w,). n, | f(u) =1id}.

Then define F,, to be the filter generated by {K, s |1 < @as1. f € []SC(wa)}. This
is indeed normal by [7, Proposition 3.28].

4.4.3. Upwards homogeneity of . * F,. Having constructed this limit stage,
we may now show that it does indeed form an upwards homogeneous iteration
of symmetric extensions. The structure of the proof of Proposition 4.7 is from
[7, Lemma 4.10] but is adapted to suit our setting.

PROPOSITION 4.7. (P, B4, Fa) * (Qa Go. fa). is upwards homogeneous.

PrOOF. Let H < 8o and K, ; € F,. Given (po.qo) € Pq * Q,. taking gy to be
fio Pa | (Eo. Ap). let ¢° be an extension of both ¢y and fﬁo Pal (f1.6 + 1), where

5 = max C(H) and

=g e [1SCwa) | glw) < f () forall u}.

We will show that this is a condition that meets our requirement in Definition 3.1.

Let (5.4). (p.4") < (po.4°). Suppose ¢ = ([; pps1(g(B+1)) | e A. g € E)".
By Fact4.4, forall f < aand r,r’ € Qg thereis some 75 € Gg.1 such that rzr || /.
Therefore. since ([, ppi1(g(B+1)) | g € E)® € Qpyy for each fe AU +1).
there is a sequence 7 such that 7, =id forall y ¢ AN (6 +1) and 74| (0 + 1) ||
q'1+1).

Since 7 is almost all identity, we get 1(7) = id. Moreover, for f € AN (5 + 1),
74 only needs to move co-ordinates above f(f + 1), since ¢ and ¢’ both extend
fﬁo Pa | (f1.0 +1). Therefore 7 € K,, ;.

CramM 4.7.1. Forall p € Py and §.4' € Qq. if 10+ 1| ¢’ 10+ 1 then there is
[z € Gy suchthatn |5+ 1=id. [.p=p.and [.q] ¢

PrOOF OF CLAIM. Assume that ¢ = [ (pp.1(g(f+1))|f€ A g €E)" and
thatg’ = [, (pps1(g(B+1)) | B € A'. g € E')*  withg. ¢’ compatible belowd + 1.

Then we prove the claim by induction on «. There are two cases:

1. « 1s a limit of limit ordinals and there is a least limit ordinal 6 such that
A, A C0O:or
2. a = 0 + w for some limit 0.

In both cases, we may assume thatJ < 6.

Casel. Bytheinductionassumptionon @, forall |6 € Pyandg[6.4' |0 € Qp
thereisfﬁw € Gysuchthatz[6 + 1 :id,fﬁwﬁ[ﬁ :ﬁ[ﬁ,andfﬁw(][e lq'16.
Since A4, A’ C 0 we may take the rest of the sequence 7 | [0, ) to be the identity.

Cuase 2. By the induction assumption on 6, we get part of the sequence 7 | 6.
Since A and A’ are bounded in o we have only finitely many components left
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to define. Using Fact 4.6 we find 7y such that 7y pg = py and f /- o d || ¢" on the
(0 + 1)st co-ordinate. That is,

// /pr-l 0+1)|gekE)* H/ posi(g(0+1) | g€ EN®

as conditions in Q(;H. If 7y has been defined, we similarly find mp 51 € Gprir1
such that Mok 1P0+k+1 = Po+i+1 and f”8+k+1 Jitosri1 4 |l " onthe (0 +k + 1)st
co-ordinate. B

By the claim, we can find some [, € H such that [z 74 || ¢'.and [, fixes p.

§5. Open questions.

QUESTION 5.1. Consider an upwards homogeneous iteration .y = ., defined in a
model of ZFC. Then in the symmetric extension by -y we have that 1 o, forces that
no new sets of ordinals are added. We now understand how this works given that the
intermediate model is a symmetric extension, but what does this “look like” in the
intermediate model? More precisely, what conditions are required for a symmetric
system to add no new sets of ordinals? Or, less generally, what conditions are required
for a symmetric system to add no new sets of reals?

QUESTION 5.2. While not adding any subsets of the ground model is a powerful
result, one sometimes can be satisfied by only partially completing this goal. For
example, what conditions guarantee that in an iteration % x .1 no new subsets of the
ground model of rank less than « are added? What conditions guarantee that a single
symmetric system % (in a model of ZF) adds no subsets of rank less than o?

QUESTION 5.3.  How does the theory of upwards homogeneity work under iteration?
We saw in Section 4.1 an example of an w-length iteration of symmetric extensions
in which each iterand is upwards homogeneous over its predecessor (and hence any
factorisation of a finite partial iteration is upwards homogeneous), but a technique for
moving beyond the wth step was developed only recently in[13]. What can we say about
the limit stage model of a finite support iteration of upwards homogeneous symmetric
extensions?
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